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Probability Concepts 
 

Introduction 
 
All investment decisions are made in an environment of risk. The tools that 

allow us to make decisions with consistency and logic in this setting come 
under the heading of probability. This reading presents the essential 
probability tools needed to frame and address many real-world problems 

involving risk. We illustrate how these tools apply to such issues as 
predicting investment manager performance, forecasting financial variables, 
and pricing bonds so that they fairly compensate bondholders for default 

risk. Our focus is practical. We explore in detail the concepts that are most 
important to investment research and practice. One such concept is 
independence, as it relates to the predictability of returns and financial 

variables. Another is expectation, as analysts continually look to the future 
in their analyses and decisions. Analysts and investors must also cope with 
variability. We present variance, or dispersion around expectation, as a risk 

concept important in investments. The reader will acquire specific skills in 
using portfolio expected return and variance. 
The basic tools of probability, including expected value and variance, are set 

out in Section 2 of this reading. Section 3 introduces covariance and 
correlation (measures of relatedness between random quantities) and the 
principles for calculating portfolio expected return and variance. It also 

discusses scatter plots, a graphical depiction of the relatedness between two 
random variables. Two topics end the reading: Bayes’ formula and outcome 
counting. Bayes’ formula is a procedure for updating beliefs based on new 

information. In several areas, including a widely used option-pricing model, 
the calculation of probabilities involves defining and counting outcomes. The 
reading ends with a discussion of principles and shortcuts for counting 

 

 
                                                                                                   
  Rules of Probability 



 
  

Before we tackle the rules of probability, let’s look at how we apply the 
concept of probability to an empirical probability situation like the 
contingency table we developed in the last lecture. 

To begin with we add up the frequencies in the rows of cells to get the row 
totals and the frequencies in the columns of cells to get the column totals, 
and then add the row totals ￼￼￼ or the column totals, because you’d 

better get the same result ￼￼￼ to get the grand total, which is 88. 

 
The calculation of probabilities is based on the situation that one person out 
of the 88 in the group is selected at random. The probability that the person 

selected has whatever characteristics are specified is given by the 
formula ￼￼￼￼, where f is the frequency or number of people having the 
characteristics and n is, as usual, the size of the sample, or in this case the 

grand total 88. So the probability that a randomly selected person is male is 
38/88. We could use the notation P(Male) = 38/88. What’s the probability 
that the person selected has a favorite color which is primary? P(Primary) = 

45/88. Is secondary? P(Secondary) = 25/88. (Let’s leave these fractions 
unreduced; it will help remind you what frequencies you have used in the 
probability) 

 
Complement 
 

  
What about the probability that the person selected has a favorite color 
which is not primary? I’m sure you can see that there are two ways to go 

about finding it: either total the frequencies for the secondary and other 
colors to use as f, or subtract the frequency for the primary from the grand 
total. Either way, P(Not Primary) = 43/88.  

Events like “picking a primary color” and “picking a color which isn’t primary” 
are called complementary events, because they complement, or complete, 
each other. Every member of the group who is not represented in one of the 

events is represented in the other; there are only two groups. If we call one 
of the events E, then its complement is represented by "not E". As you can 

see, P(Primary) + P(Not Primary) = 45/88 + 43/88 = 1. So the general rule 



is P(E) + P(not E) = 1, or P(E) =  1 − P(not E), which was the second way 
we used to calculate P(Not Primary). 

 

Addition Rule 
 
  

Now we’re going to examine closely three very common little words which 
have precise meanings in probability. 
The first is "and". You probably think you know what it means. If I say I’m 

going out to dinner and to a movie, the only way this statement can be true 
is if I do go out to dinner and I do go to a movie. If I go out to dinner but 
don’t go to a movie, or if I don’t go out to dinner but I do go to a movie, or if 

I don’t go out to dinner and I don’t go out to a movie, it’s not true. To 
belabor the point a little, label the statement “I’m going out to dinner” A, 
and the statement “I’m doing out to a movie” B. Then we can make a truth 

table: 

                                
So you are counting A and B only when A and B are both true at the same 

time, which is the reason why it's also referred to as the "intersection" of 
two events in the text. 
Referring now to the contingency table, if we want to know the probability 

that the person we select randomly is both male and picked a primary color, 
we see that there are 19 people in the upper left cell, so P(Male and 
Primary) = 19/88. It should be pretty clear that P(Female and Secondary) = 

14/88. 
You probably could have gotten these without all the discussion of dining out 
and movies and truth tables, but when we get to the next little word, or, it 

turns out to be more complicated, and the discussion might help. That’s 
because there are two ways in which or is used, and in statistics we use it in 
the less common way. If I say I’m going out to dinner or to a movie, you 

might be surprised if it turns out that I went out to dinner and to a movie, 
because you’re used to what’s called the exclusive or, or the either/or. This 



is where you can do one or the other but not both. Its truth table looks like 
this: 

                                 
Back to the contingency table. What is the probability that the person we 

select randomly is male or picked a primary color? The group in question 
would include the 11 males who picked secondary colors, the 8 males who 
picked other colors, the 26 females who picked primary colors, but also the 

19 males who picked primary colors: 11+8+26+19=64, so P(Male or 
Primary) = 64/88. 
But aren’t you tempted just to add the row total of the males, 38, and the 

column total of those who chose primary colors, 45, and get 83/88? What’s 
wrong with doing that? Well, you’ve counted some people twice, namely 
those who qualify both because they’re male and because they chose 

primary colors. This group got double-counted. We could correct this by 
subtracting 19 from our frequency to eliminate the double-counting, and 
since 83-19=64, our answer would now match the one we got by adding up 

the frequencies of the four cells. 
There’s a formula for that, again using A and B as the events: 
P(A or B) = P(A) + P(B) ￼￼￼ P(A and B) 

In our example that comes to: 
P(Male or Primary) = P(Male) + P(Primary) ￼￼￼ P(Male and Primary) 

= 38/88 + 45/88 ￼￼￼ 19/88 = 64/88 
  
You can do these or problems either way, by adding up the frequencies of 

the relevant cells or by adding up the row and column totals and then 
subtracting the frequency of the cell that was counted twice. But for many 
counting problems, it's nice to be able to count "A and B" instead of "A or B", 

which is the value of the addition rule. 
What is the probability that the person we select randomly picked a primary 
color or picked a secondary color? I think you know intuitively that you’d add 

the column total for Primary, 45, and the column total for Secondary, 25, 
and get an answer of 70/88. But if you wanted to use the formula for P(A or 
B), what happened to the part where you subtract P(A and B)? I don’t think 

it’s a mystery, because since no color is both primary and secondary, and 



you weren’t allowed to name more than one favorite color, the probability of 
a single person picking both a primary and a secondary color is 0, and you 

would just have been subtracting 0, which makes no difference. 
We have a name for events whose joint probability (the and probability) is 
0: They’re called mutually exclusive, or disjoint in other texts. If one 

happens, the other can’t, and vice versa. Neither can happen, but both can’t. 
So when A and B are mutually exclusive, the addition rule becomes: 
 

P(A and B) = P(A) + P(B) (when A and B are mutually exclusive) 
 
 

 

Multiplication Rule 
 
  

If we take the above formula, and write it using multiplication instead of 
division, we get a slightly different looking formula: 
￼￼￼￼ 

This last equation is also known as the multiplication rule, which says: to 
find the probability of both A and B happening, you first look at the 
probability of B happening alone, then multiply it with the probability of A, 

given that B has happened. This is handy when we are looking at two events 
that could happen one at a time. Now in the examples involving color and 
sex, using multiplication rule doesn’t make a lot of sense, since we can count 

directly what the frequency of “A and B” is from the contingency table. But 
when the frequencies are not available, this gives you another tool to 
compute the probability of an intersection. 

As an example, consider A = “ace the test”, and B = “study before the test”. 
Suppose you know that when you study before the test, there is a 50% 
chance that you will ace the test, i.e. 

P(A | B) = 0.50 
But you might be too busy to study sometimes, and the probability that you 
will study before the test is: 

P(B) = 0.80 
So what is the probability that you will study before the test AND ace the 
test? It will be 

P(A and B) = P(B)*P(A | B) = 0.40 
Notice that we are really calculating P(B and A), which is the same as P(A 
and B), since the two events involved in intersection are interchangeable. 

We can take this a bit further if we also know that P(A) = 0.60, that is, 60% 
of the students ace the test. A legitimate question is, among those who ace 
the test, how many have studied? This can be answered by using the other 

version of the multiplication rule: 
￼￼￼￼ 



A common mistake is using the wrong probabilities in the division. But if you 
ever see a probability greater than 1, then you’ve probably made a mistake 

somewhere. 
Differentiating ￼￼￼￼ and ￼￼￼￼ is quite a useful skill, even in daily 
situations. To give a dramatic example, Suppose 15% people in your area 

has been infected with Zika virus. In case you haven’t heard about the virus, 
it has caused some concern during the 2016 Rio Olympics, since the infected 
may pass the virus to their babies, who may suffer from a birth defect called 

microcephaly (abnormally small brain). Suppose scientists have developed a 
test that returns a positive result in 90% of the people infected with Zika. 
When this test is applied to the general population, 30% of all test results 

are positive. 
Suppose you tested positive. What is the chance that you have been infected 
with the Zika virus? 

Pause and think for a second. If you have decided that you have 90% 
chance of contracting Zika, then you’ve made a pretty big mistake. In the 
language of conditional probability, we know that: 

P( Test positive | Infected with Zika) = 0.90 
Imagine that we have a contingency table that records the outcomes of 
different people taking the test, then we’ll expect something like the 

following: 
 

 
So the 90% is the result of dividing A by (A+C). In a perfect world, we’ll 

only see A and D. But in reality, we call B the “False Positives”, and C the 
“False Negatives”. In health sciences, instead of talking about “accuracy” of 
the test, two terms are used together: there is the “sensitivity”, which is the 

90% we saw; and there is also the “specificity”, which corresponds to P(Test 
negative | Not infected). A low specificity means the test not only picks up 
Zika, but also a range of other things (think of a broken alarm that keeps 

going off) So our test has a fairly high sensitivity (90%), but possibly a low 
specificity, since the percentage of people who test positive (30%) is quite a 
bit higher than the 15% people who are actually infected.   

Given that you tested positive, what you care about is the other conditional 
probability: 
P(Infected with Zika | Test Positive) 

Without a contingency table, how do we find this? Some part of the puzzle is 
missing. We knew that P(Infected with Zika) is 15%, and P( Test positive | 
Infected with Zika) is 90%. By multiplication rule, we know that: 

P(Test positive AND Infected with Zika) = 0.15 * 0.90 = 0.135 



Now since we also know that P(Test positive) = 0.30, by using the fact that: 
P(Test positive)* P(Infected with Zika | Test Positive) = P(Infected with 

Zika AND Test positive) 
We can calculate the conditional probability we need: 
P(Infected with Zika | Test Positive) = 0.135 / 0.30 = 0.45 

which isn’t exactly good news, but not nearly as devastating as 90%. 
In the next set of notes, we will be looking at how the multiplication rule 
gives us insights into another important concept in 

probability ￼￼￼ independence of events. 
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